CLASSICAL FIELD THEORIES OF FIRST ORDER AND LAGRANGIAN 
SUBMANIFOLDS OF PREMULTISYMPLECTIC MANIFOLDS 



CEDRIC M. CAMPOS, ELISA GUZMAN, AND JUAN CARLOS MARRERO 

Abstract. A description of classical field theories of first order in terms of Lagrangian 
submanifolds of premultisymplectic manifolds is presented. For this purpose, a Tulczy- 
jew's triple associated with a fibration is discussed. The triple is adapted to the extended 
Hamiltonian formalism. Using this triple, we prove that Euler-Lagrange and Hamilton- 
De Bonder- Weyl equations are the local equations defining Lagrangian submanifolds of a 
premultisymplectic manifold. 
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1. Introduction 

It is well-known that the Lagrangian formulation of time-independent Mechanics may be 
developed using the geometry of the tangent bundle TQ of the configuration space Q and 
the Hamiltonian formulation may be given using the canonical symplectic structure Q of the 
cotangent bundle T*Q (see, for instance, [1]). But Lagrangian and Hamiltonian Mechanics 
may also be formulated in terms of Lagrangian submanifolds of symplectic manifolds [29, 30] 
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(see also [22]). In fact, the Euler-Lagrange equations for a Lagrangian function on TQ and 
the Hamilton equations for a Hamiltonian function on T*Q are just the local equations 
defining Lagrangian submanifolds of T{T*Q). Here, the symplectic structure on T{T*Q) 
is just the complete lift VL'^ of f2. Moreover, in this construction (the so-called Tulczyjew's 
triple for Classical Mechanics), an important role is played by the canonical involution of 
the double tangent bundle T{TQ) and by the isomorphism between T{T*Q) and T*(T*Q) 
induced by the canonical symplectic structure of T*Q. 

For time-dependent Mechanics, the situation is more complicated. Anyway, in the re- 
stricted (respectively, extended) formalism of Lagrangian and Hamiltonian time-dependent 
Mechanics may be formulated in terms of Lagrangian submanifolds of Poisson (respectively, 
presymplectic) manifolds. In this case, we have a fibration tt : E' — )■ M, where the total 
space E is the configuration manifold, which for instance may he E = M. x Q. As in the 
time-independent situation, an important role is played by the canonical involution of T{TE) 
and the canonical isomorphism between T[T*E) and T*{T*E). In fact, using these tools, 
we prove in our recent paper [14] that, in the restricted formalism, the Euler-Lagrange and 
Hamilton equations are the local equations defining Lagrangian submanifolds of the Pois- 
son manifold J^(7r*). Here, vr^: Vert*(7r) — )■ M is the canonical fibration over M of the dual 
bundle of the vertical bundle Vert(7r) of vr. We also prove that, in the extended formal- 
ism, the dynamical equations are just the local equations defining Lagrangian submanifolds 
of the presymplectic manifold J^tte, where tte'- T*E — t- M is the projection of T*E onto 
the real line. Other different descriptions of time-dependent Mechanics in the Lagrangian 
submanifold setting have been proposed by several authors (see [13, 16, 18, 21]). 

Classical Field Theory may be thought of a generalization of Classical Mechanics so as the 
dynamical system under study does not only depend on a one dimensional parameter, the 
time line, but on mult i- dimensional one, space-time for instance. In this setting, a first order 
theory is described by a Lagrangian function, that is, a real function L on the 1-jet bundle 
J^vr, where tt: — )■ M is a fibration (Classical Mechanics corresponds to the particular case 
in which M is the real line). A solution of the Euler-Lagrange equations for L is a local 
section of tt: E ^ M such that its first jet prolongation satisfies 



Here, {x\ u") are local coordinates on E which are adapted to the fibration tt and {x\ u", u") 
are the corresponding local coordinates on J^vr. 

J^TT is an affine bundle modeled on the vector bundle ^(J^Tr) = 7r*(T*M) ® Vert(7r). The 
dual bundle J^7r° of V{J^7r) is the so-called restricted multimomentum bundle and a section 
of the canonical projection /i: J^tt"!" — )■ J^7r° is said to be a Hamiltonian section, where J^vr^ 
is the extended multimomentum bundle, that is, the affine dual to J^ir. A section r of the 
canonical projection tt^ : J^7r° -^■ M is a solution of the Hamilton-De Bonder- Weyl equations 
for h if 




dH 

du°' 



O T 



where (x*,M°,pJj) are local coordinates on J^7r° and 

h{x\u'',p'^) = (x\u",-if(x 
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A geometric formulation of these equations may be given using the canonical multisym- 
plectic structure Q of the extended multimomentum bundle J^vr^ and the homogeneous real 
function H on J^vr^ induced by the Hamiltonian section h. It is the extended Hamiltonian 
formalism for classical field theories of first order (see [2, 6]). Hamilton-De Bonder- Weyl 
equations may also be obtained in an intrinsic form using the volume form rj on M and 
the multisymplectic structure on J^7r° induced by fl and h. It is the restricted Hamiltonian 
formalism (see, for instance, [2, 5, 7, 8, 9, 10, 20, 25, 27]). 

An extension of the previous Lagrangian and Hamiltonian formalism for classical field 
theories may be developed for the more general case when the base manifold is not, in 
general, orientable (see, for instance, [2, 10]). 

Other different geometric approaches to classical field theories have been proposed by 
several authors using polysymplectic, /c-symplectic or /c-cosymplectic structures (see [27] and 
references therein). However, these formulations only cover some special types of classical 
field theories. 

Now, a natural question arises: Is it possible to develop a geometrical description of 
Lagrangian and Hamiltonian field theories in the Lagrangian submanifold setting? A positive 
answer to this question was given in [19] for the particular case of /c-symplectic (and k- 
cosymplectic) field theory (see also [11, 26]). 

On the other hand, a Tulczyjew's triple for multisymplectic classical field theories was pro- 
posed in [23]. The triple is adapted to the restricted Hamiltonian formalism and interesting 
ideas are involved in its construction. However, the intrinsic character of some constructions 
in [23] is not proved and, in addition, the Hamiltonian section is involved in the definition 
of the Hamiltonian side of the triple (this is an important difference if we compare with the 
original Tulczyjew's triple for Classical Mechanics). 

Very recently, a Tulczyjew's triple for classical field theories of first order was proposed in 
[12]. This triple is adapted to the restricted Hamiltonian formalism and the basic concepts 
of the variational calculus are used in order to construct it. Multisymplectic geometry is not 
used in this approach. 

In this paper, we discuss a description of Lagrangian and Hamiltonian classical field theo- 
ries in terms of Lagrangian submanifolds of premultisymplectic manifolds. For this purpose, 
we will construct a Tulczyjew's triple associated with a fibration n: E ^ M. For the sake of 
simplicity, we consider the case where M is an oriented manifold with a fixed volume form. 
However, in the appendix we extend the construction for the more general case where M 
is not necessarily an oriented manifold. Our triple is adapted to the extended Hamiltonian 
formalism. The multisymplectic structure of the extended multimomentum bundle and the 
involution exy of the iterated jet bundle associated with vr and a linear connection V on M 
(see [17, 24]) play an important role in this construction. We remark that exy is used in order 
to construct the Lagrangian side of the triple and that exy depends on the linear connection 
V. However, the structural maps of the triple do not depend on the linear connection. In 
this sense, the triple is canonical. 

The paper is structured as follows. In Section 2, we present some basic notions on 
(pre)multisymplectic vector spaces and manifolds. The multisymplectic formulation of clas- 
sical field theory is reviewed in Section 3. In Section 4, we discuss the Lagrangian and 
Hamiltonian side of our Tulczyjew's triple for classical field theories of first order. In Section 
5, we present our conclusions and a description of future research directions. The paper ends 
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with an appendix where we propose an extension of the Tulczyjew's triple for a fibration 
n: E ^ M such that M needs not to be orientable and therefore a volume form on M is no 
longer required. 

2. MULTISYMPLECTIC STRUCTURES 

In the same way in which Classical Mechanics is modeled on symplectic geometry, one of 
the geometric approaches of Classical Field Theories is multisymplectic geometry (for the 
definition and properties of a multisymplectic structure, see [4]). In this section, we give 
some basic notions on multisymplectic vector spaces and manifolds. 

2.1. Multisymplectic vector spaces. Along this section, V will denote a real vector space 
of finite dimension and W G V a vector subspace of the former. 

Definition 2.1. A {k + l)-form on is said to be multisymplectic if it is non-degenerate, 
that is, if the linear map 

\)n:V AV* 

V I — y \)n{v) := iyQ 

is injective. In such a case, the pair (V, Q) is said to be a multisymplectic vector space of 
order k + 1. 

Definition 2.2. Let (V, Q) be a multisymplectic vector space of order k + 1. Given a vector 
subspace WGVo{V,we define the l-orthogonal complement ofW, with 1 < / < A;, as the 
subspace of V 

ly^.' ■={veV : WiA...A»,fi = , Vw7i, ...,wieW}. 

Moreover, we say that W is 

• I -isotropic if W C W-^'''; 

• l-coisotropic if W^'^ C W; 

• l-Lagrangian if = W^'^; 

• multisymplectic liW f} W^'^ = {0}. 

It easily seen that W'^'^ ^ • • • ^ W^'^. Besides, if is a multisymplectic subspace of V 
then, the puUback i*Q of the multisymplectic form Q by the canonical inclusion i: W 
is a multisymplectic form on W of degree /c + 1. 

A natural problem that arises in some particular dynamical systems is that the dynamical 
form under study fails to be non-degenerate, which is a case of further study. 

Definition 2.3. A premultisymplectic structure of order /c + 1 on a real vector space V of 
finite dimension is a (/c + l)-form Vt on V . The pair (V, Vt) is said to be a premultisymplectic 
vector space of order k + 1. 

Let (V, Vt) be a premultisymplectic vector space of order k + \. Then, the quotient vector 
space V := y/kerb^ admits a natural multisymplectic structure f2 of order k + 1 which is 
characterized by the following condition 

where /i: V = y/kerb^ is the canonical projection. 
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Definition 2.4. Let (V, Q) be a premultisymplectic vector space of order k + 1 and W be 
a subspace of V. Given 1 < I < k, then W is said to be /-isotropic (resp., /-coisotropic, 
/-Lagrangian, multisymplectic) if niW) is an /-isotropic (resp., /-coisotropic, /-Lagrangian, 
multisymplectic) subspace of the muhisymplectic vector space V = y/kerb^. 

Note that W is /-isotropic (resp., /-coisotropic, /-Lagrangian, multisymplectic) for (V^Q) 
if, and only if, the quotient space W/{W flkerbn) is an /-isotropic (resp., /-coisotropic, 
/-Lagrangian, multisymplectic) subspace of the multisymplectic vector space {V,Q). 

2.2. Multisymplectic manifolds. Along this section, both P and E represent real smooth 
manifolds of finite dimension. 

Definition 2.5. A premultisymplectic structure of order /c + 1 on a manifold P is a closed 
{k + l)-form Q on P. If furthermore (T^-P, f2(a;)) is multisymplectic for each x G P, then 
Q is said to be a multisymplectic structure of order k + 1 on P. The pair (P, Q) is called a 
(pre)multisymplectic manifold of order k + 1. 

The canonical example of a multisymplectic manifold is the bundle of forms over a manifold 
E, that is, the manifold P = A^P. 

Example 2.6 (The bundle of forms). Let P be a smooth manifold of dimension n, K^E 
be the bundle of /c-forms on P and v: K^E — > P be the canonical projection. The Liouville 
or tautological form of order k is the /c-form B over A^P given by 

e(a;)(Xi, . . . , Xfc) := uj{{T^u){X,), . . . , (T^z/)(Xfc)), 

for any u G A^P and any Xi,...,Xk G T^{A''E). Then, the canonical multisymplectic 
(k + 1 )-form is 

n ■= -dQ. 

If (?/*) are local coordinates on P and {y\Pii...ik)j with 1 < ii < . . . < ik < n, are the 
corresponding induced coordinates on A^P, then 

(2.1) 0= E PH...,dy''^...Ady'\ 

il<...<ik 

and 

(2.2) ^= 5Z -dpi,...i,Ady'^ A...Ady'K 

ii<...<ik 

From this expression, it is immediate to check that Q is really multisymplectic. < 

Example 2.7 (The bundle of horizontal forms). Let tt: P — )■ M be a fibration, that is, vr 
is a surjective submersion. Assume that dimM = m and dimP = m + n. Given 1 < r < n, 
we consider the vector subbundle A^P of A^P whose fiber at a point m G P is the set of 
/c-forms at u that are r-horizontal with respect to vr, that is, the set 

(A^P)„ = {uje AtE : i^^... i^^uj = Vt^i, ...,Vre Vert„(7r)} , 

where Vert^iVr = ker(T^i7r) is the space of tangent vectors at m G P that are vertical with 
respect to vr. 
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We denote by Ur, Qr and Qr the restriction to A^E of u, G and Q (given in the previous 
example). We have that {A'^E,Qr) is a multisymplectic manifold. The case in which r = 2 
and = m is of furthermost importance for multisymplectic field theory. 

Let denote adapted coordinates on E, then they induce coordinates 

on A^E such that any element uj G A^E has the form uj = pd"^x + pl^du" A d"^~^Xi, where 
d'^x = dx^ A ... A dx"^ and d'^~^Xi = i_a_d"^x. Therefore, we have that 02 and 1^2 are locally 
given by the expressions 

(2.3) 02 = pd^'x + pldu"" A d'^-^Xi , 
and 

(2.4) ^2 = -dp A d'^x - dpi A c/m" A d'^-^Xi . 

Before ending this section, we recall the definition of /-Lagrangian submanifolds of a 
multisymplectic manifold and the natural extension of this notion to premultisymplectic 
manifolds. 

Definition 2.8. Let (P, Vt) be a multisymplectic manifold of order k + 1. A submanifold S of 
P is l-Lagrangian, with 1 < I < k, HT^S is an /-Lagrangian subspace of the multisymplectic 
vector space [T^P, Q{x)), for all x & S. In other words, S is an /-Lagrangian submanifold of 
P if 

(2.5) (T,5)^'' = T,5, yxeS. 

Definition 2.9. Let (P, fi) be a premultisymplectic manifold of order A; + 1 and b^: TP — j- 
\krp*p ^Yie corresponding vector bundle morphism. A submanifold S* of P is I -Lagrangian, 
with 1 < / < /c, if TxS/{TxS fl kerbQ(2;)) is an /-Lagrangian subspace of the multisymplectic 
vector space Tj-P/ ker bQ(^), for all x ^ S. 

3. Multisymplectic formulation of Classical Field Theory 

In this section, we recall the basics of the geometric formulation of Classical Field Theory 
within a multisymplectic framework of jet bundles. The theory is set in a configuration fiber 
bundle tt : — )■ M , whose sections represent the fields of the system. Then, one may choose 
to develop a Lagrangian formalism, by considering a Lagrangian density C: J^ir — )■ A'^M 
(or a Lagrangian function L: J^ir — )■ M, if a volume form on M has been fixed), and derive 
the Euler-Lagrange equations. Or one may choose to develop a Hamiltonian formalism, by 
considering a Hamiltonian density Ti: J^vr^ — )■ A™M (or a Hamiltonian section h: J^7r° — t- 
J^ir"^), and derive the Hamilton's equations. The literature on this subject is vast. For a 
more concise study, the interested reader is referred, for instance, to [2, 3, 5, 6, 8, 20, 25, 28]. 

From here on, it: E M will always denote a fiber bundle of rank n over an m- 
dimensional manifold, i.e. dimM = m and dimE = m + n. Fibered coordinates on E 
will be denoted by {x^,u°'), 1 < i < m, 1 < a < n; where (x*) are local coordinates on M. 
The shorthand d'^x = dx^ A ... A rfx™ will represent the local volume form that (x*) defines, 
but we also use the notation d'^'^Xi = ig/g^idx^ A ... A dx^ for the contraction with the 
coordinate vector field. Many bundles will be considered over M and E, but all of them 
vectorial or affine. For these bundles, we will only consider natural coordinates. In general, 
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indexes denoted with lower case Latin letters (resp. Greek letters) will range between 1 and 
m (resp. 1 and n). The Einstein sum convention on repeated crossed indexes is always 
understood. 

Furthermore, we assume M to be orientable with fixed orientation, together with a de- 
termined volume form t]. Its pullback to any bundle over M will still be denoted r], as for 
instance vr*?]. In addition, local coordinates on M will be chosen compatible with rj, which 
means such that d"^x = rj. 

The most part of the objects that will be defined on the subsequent sections will depend 
in some way or another on the volume form 7]. An alternative definition independent of the 
volume form may be given for each one of them (as an overall volume independent theory). 
In particular, the aim of the Appendix section is to provide a construction of the Tulczyjew's 
triple for field theory independent of the volume form. 



3.1. Lagrangian formalism. As already mentioned, the Lagrangian formulation of Classi- 
cal Field Theory is stated on the first jet manifold J^ir of the configuration bundle ir: E ^ 
M. This manifold is defined as the collection of tangent maps of local sections of tt. More 
precisely, 

:= {T^(j) : (j) G Sec^.(7r), x e M} . 

The elements of J^tt are denoted and called the Ist-jet of at x. Adapted coordi- 
nates (x*,m") on E induce coordinates (a;*,M",M") on J^vr such that u'^{jl(f)) = d(j)°' / dx^\x- 
It is clear that J^tt fibers over E and M through the canonical projections tti^q : J^t^ 
E and tti : J^tt — M, respectively. In local coordinates, these projections are given by 
i:i^q{x'' ,u'^ ,uf ) = (x^m") and 7ri(x*, u", wf ) = (x*). 

Fiberwise, J^vr may be seen as a set of linear maps, namely for each u E E, 

JItx = {z e Lin(r^(„)M, T^E) : T^vr oz = idr^^^^M} , 

which is an affine space modeled on the vector space 

K( J'tt) = T;(„)M ® Vert„(7r) = {z E Lin(T,(„)M, T^E) : T^vr o 2 = 0} . 

Thus, the first jet manifold J^vr is an affine bundle over E modeled on the vector bundle 
ViJ^-n) = n*{T*M) (^e Vert(7r). 

The dynamics of a Lagrangian field system are governed by a Lagrangian density, a fibered 
map C: J^vr — )■ A"^M over M. The real valued function L : J^tt — )■ M that satisfies C = Lrj 
is called the Lagrangian function. Both Lagrangians permit to define the so-called Poincare- 
Cartan forms: 

(3.1) ec = Lr]+ (5^, dL) G ^'"(JV) and Vic = -dQc e f^™+^(JV) , 

where S*^ is a special and canonical structure of J^n called vertical endomorphism and whose 
local expression is 

(3.2) Sr, = {du'' - ufdx^) A d'^-^, ® ^ 



duf 
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In local coordinates, the Poincare-Cartan forms read 

/ dT \ Br 

(3.3) = L - uf—- ] Ad"'x + ■^du'' A d'^-^x 



(3.4) nc = - {du- - ujdx^) A [^g^d-x - A 

It is important to note that, even though the Poincare-Cartan m-form (and therefore, the 
Poincare-Cartan (m + l)-form) depends on the Lagrangian function L and the volume form 
rj, actually it only depends on the Lagrangian density C = Lrj (see Appendix A). 
A critical point of £ is a (local) section </> of tt such that 

{f4>n^xnc) = 0, 

for any vector field X on J^tt. A straightforward computation would show that this implies 
that 

The above equations are called Euler- Lagrange equations. 

3.2. Hamiltonian formalism. The dual formulation of the Lagrangian formalism is the 
Hamiltonian one, which is set in the afiine dual bundles of J^tt. The (extended) affine dual 
bundle J^vr^ is the collection of real-valued affine maps defined on the fibers of vri o : J^vr — > E, 
namely 

(JV)I' := Aff(jV,R) = {Ae Aff(J>,R) : u e E] . 

The (reduced) affine dual bundle J^ti° is the quotient of J^tt^ by constant affine maps, namely 

(JV)° := Aff(jV,M)/{/: E ^ R} . 

It is again clear that J^vr^ and J^7r° are fiber bundles over E but, in contrast to J^vr, they are 
vector bundles. Moreover, J^tx'^ is a principal M-bundle over J^7r°. The different canonical 
projections are denoted vtJq: J^tt^ E, tt^'q: J^7r° — )■ E and /i: J^vr^ — )■ J^7i°. The natural 
pairing between the elements of J^tt"'" and those of J^ir will be denoted by the usual angular 
bracket, 

(-,•): XeJ\ — ^R. 

We note here that J^7r° is isomorphic to the dual bundle of V(J^7r) = 7r*(T*M) ®£; Vert(-7r). 

Besides of defining the affine duals of J^vr, we also consider the extended and reduced 
multimomentum spaces 

M7t:=A^E and M°7t := A^E/ A'^E . 

By definition, these spaces are vector bundles over E and we denote their canonical pro- 
jections u: Mir E, 1/°: Ai°TC — )■ E and /i: Ain Ai°'K (some abuse of notation here). 
Again, /i: Ain — Ai°'K is a principal R-bundle. We recall from Example 2.7 that Ain 
has a canonical multisymplectic structure which we denote Vt. On the contrary, Ai°Ti has 
no canonical multisymplectic structure, but f2 can still be pulled back by any section of 
yU: A^TT — 7- A^°7r to give rise to a multisymplectic structure on A4.°'k. 
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An interesting and important fact is how the four bundles we have defined so far are 
related. We have that 

(3.6) J^tx^^Mtx and J^tx° = M°n , 

although these isomorphisms depend on the base volume form rj. In fact, the bundle isomor- 
phism ^ : A^TT —7- J^TT^ is characterized by the equation 

We therefore identify Ain with J^tt"'' (and Ai°7r with J^7t°) and use this isomorphism to 
pullback the duality nature of J^tt"^ to Ain. 

Adapted coordinates in Aiir (resp. Ai°7r) will be of the form {x\ (resp. (x*, u'^yPa)), 

such that 

pd^'x + p^du'' A d'^-^Xi e A^E {pd'^x e A™^) . 
Under these coordinates, the canonical projections have the expression 

z/(x\m°,p,p^) = (x\m"), z/°(x\m°,p^) = (x\m°) and /i(x\ = (x\ ; 

and the paring takes the form 

( (x\ n", p^) , (x\ < <) > = p + 

We also recall the local description of the canonical multisymplectic form VL of A^tt, 

Vt = -dpA rf^x - dpi A c/m" a d'^-^Xi . 

Now, we focus on the principal M-bundle structure of /i: Ai-n — Ai°TX. This structure 
arises from the R-action 

R X M-K — Y Mtt 

{t, u) \ — y t- ?7^(^) + u . 

In coordinates, 

(t,(x\M",p,K)) ^ {x\u",t + p,pi). 

We will denote by V"^ G X^Aiir) the infinitesimal generator of the action of M on Aiir, which 
in coordinates is nothing else but y^J. = -§^- Since the orbits of this action are the fiber of fi, 
Vfj_ is also a generator of the vertical bundle Vert(/i). 

The dynamics of a Hamiltonian field system are governed by a Hamiltonian section, a 
section h: Ai°n ^ A4.TT oi Aiir ^ Ai° . In presence of the base volume form r/, the 
set of Hamiltonian sections Sec(yu) is in one-to-one correspondence with the set of functions 
{H G C°°(A^7r) : V^{H) = 1} and with the set of Hamiltonian densities, fibered maps 

: Ain —7- A™Af over M such that iy^dT-L = rj. Given a Hamiltonian section h: Ai°7i ^ Aiir, 
the corresponding Hamiltonian density is 

'H(w) = uj - h{p{u)) , Vcj G Mti . 

Conversely, given a Hamiltonian density "H: Ain — t- A™M, the corresponding Hamiltonian 
section is characterized by the condition 

imh = n-\0). 
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Obviously, "H = Hrj. In adapted coordinates, 

(3.7) = {x\u^,p=-H{x\u^,Va).Va). 

(3.8) ?^(x\w",p,K) = {p + H{x\u-,p':))<rx. 

The locally defined function H is called the Hamiltonian function and it must not be confused 
with the globally defined function H such that "H = Hrj. 

A critical point of H is a (local) section t oi n ou: Ain — )■ M that satisfies the ( extended) 
Hamilton-De Donder-Weyl equation 

(3.9) T*ix{n + dn) = 0, 

for any vector field X on Ain. A critical point of /z is a (local) section r of 7roz/° : A^°7r — > M 
that satisfies the (reduced) Hamilton-De Donder-Weyl equation 

(3.10) (/ior)*zx(^^ + rf^) = 0, 

for any vector field X on A^tt. A straightforward but cumbersome computation shows that 
both are equivalent to the following set of local equations known as Hamilton's equations: 

d{u" o r) dH d{p^a ° 
(3.11 1 = o T , = o r . 

^ ' dx' dp\ dx' du°' 

3.3. Equivalence between both formalisms. In this section, we present the equivalence 
between the Lagrangian and Hamiltonian formalisms of classical field theories for the case 
when the Lagrangian function is (hyper)regular (see below). 

Let £ be a Lagrangian density. The (extended) Legendre transform is the bundle morphism 
Leg^: J^TT — i> M.7r over E defined as follows: 

(3.12) Leg^(j,V)(Xi,...,X„) := (e^),i^(Xi, . . . , X„), 

for all j^(f) G J^TT and Xj G T0(^.)i?, where Xj G Tji^J^ir are such that T7rio(Xj) = Xj. 
The (reduced) Legendre transform is the composition of Leg£ with /i, that is, the bundle 
morphism 

(3.13) lege := fio Lege: J^TT ^ M°7i . 
In local coordinates, 

(dL dL 

(3.15) leg£(x\n",<) = x\ n"' 



where L is the Lagrangian function associated to £, i.e. C = Lrj. 

From the definitions, we deduce that (Leg£)*(6) = G^, {Lege)*{VL) = Qc, where is the 
Liouville m-form on M.tt and Q is the canonical multisymplectic (m+ l)-form. In addition, 
we have that the Legendre transformation leg^: J^ir — t- Ai°7T is a local diffeomorphism, if 

and only if, the Lagrangian function L is regular, that is, the Hessian ^ ^ p ^ ^ regular 

matrix. When leg^: J^tx — M.°'k is a global diffeomorphism, we say that the Lagrangian L 
is hyper-regular. In this case, we may define the Hamiltonian section h: Ai°'K — > Ain 

(3.16) h = Legco\egl\ 
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whose associated Hamiltonian density is 

(3.17) nicu) = {uj,\eg2\fiicu)))v- i^°Hc^)iK^)), VwgA^tt. 
In coordinates, 

(3.18) h{x\ u\ pl) = {x\ L{x\ m", <) - pX, pL) , 
where uf = uf{leg2^{x\u"',plJ). Accordingly, 

(3.19) n{x\u",p,pl,)={p + pl,ut-L)d"'x 
and the Hamiltonian function is 

(3.20) i7(x\n°,p^)=pX-L. 

Theorem 3.1 (re/. [8, 20, 25]). Assume C is a hyper-regular Lagrangian density. If (f) is 
a solution of the Euler- Lagrange equations for C, then u = leg^oj^^ is a solution of the 
Hamilton's equations for h. Conversely, if u is a solution of the Hamilton's equations for h, 
then leg£^ ocu is of the form j^cj), where (p is a solution of the Euler- Lagrange equations for 
C. 

4. TULCZYJEW'S TRIPLE 

In 1976, W. Tulczyjew presented in a couple of papers [29, 30] a complete geometric 
construction relating the triple T{T*Q), T*[TQ) and T*{T*Q). The canonical symplectic 
structures of these spaces are carried between them maintaining their symplectic character. 
However, the relevance of his work is not only this but the fact that, when one introduces 
dynamics into the picture, a Lagrangian and a Hamiltonian system, then the dynamics are 
lifted to this triple giving the natural correspondence between these two formalisms and 
showing again the very geometric nature of Lagrangian and Hamiltonian mechanics. 

In this section, we will obtain the main results of the paper. In fact, we will introduce a 
Tulczyjew's triple for Classical Field Theory associated with a fibration vr: — > M, where 
M is an oriented manifold with a fixed volume form rj. First, we will present the Lagrangian 
side of the triple and then the Hamiltonian side. Finally, we will introduce the equivalence 
between the two formalisms in this setting. 

4.1. Lagrangian formalism. Recall that if Q is a smooth manifold, there is a canonical 
vector bundle isomorphism Aq: T{T*Q) — )■ T*{TQ), named after Tulczyjew's work [30], 
whose local representation is 

where (g*) are local coordinates on Q and (q^Pi) (respectively, {q^,Pi,q^,Pi)) are the corre- 
sponding adapted local coordinates on T*Q (respectively, T{T*Q)). The Tulczyjew's iso- 
morphism Aq is built by means of the canonical involution of TTQ, kq : TTQ — )■ TTQ, and 
the tangent lift of the natural pairing ( • , ■ ) : T*Q ttq^tq TQ — ?■ M, where tq : TQ — Q and 
ttq : T*Q — Q are the canonical tangent and cotangent projections. 

Note that, while the second argument of the tangent pairing (the tangent lift of (■,■)) 

T(-,-) : TT*QT.^XTrQTTQ-^R 
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fibers over TQ through Ttq, thanks to the involution kq, the second argument of the non- 
degenerate pairing 

T ( ■ , ■ ) o {id, kq) : TT*Q t^qXttq TTQ ^ M 
fibers over TQ tlirougli Ttq- In fact, Aq is the vector bundle isomorphism that this later 
map induces from T{T*Q) to T*{TQ). 

In what follows, we will discuss the construction of the Tulczyjew's morphism for jet 
bundles. We shall define an affine morphism (between the proper spaces) by mimicking 
Tulczyjew's construction. Therefore, we will need an involution of the iterated jet bundle 
J^TTi and a "tangent" pairing. 

Like the iterated tangent bundle TTQ of a manifold Q, the iterated jet bundle J^tti of 
a fiber bundle n: E ^ M has two different affine structures over J^n. The first is the 
one in which we think of J^tti as the Ist-jet bundle of the fiber bundle tti : J^ir — )■ M, 
that is the affine bundle (vri)i o: J^tti — ?■ J^vr modeled over the vector bundle ^(J^Tri) = 
7r*(T*M) ®ji7r Vert(7ri). The second is the one in which we think of J^tti as the Ist-jet 
prolongation of the morphism tti^q '■ J^'^ ^ E, that is the affine bundle j^(7ri o) : J^tti — ?■ J^vr 
modeled over the vector bundle J^iV^J^ir)). 




Figure 1. The iterated jet bundle FIGURE 2. The exchange map 

But unlike the iterated tangent bundle TTQ, there isn't a canonical involution of the 
iterated jet bundle J^vri of a fiber bundle tt: E ^ M (besides of the identity map). However, 
Kolaf and Modugno showed in [17] that the natural involutions of the iterated jet bundle 
J^VTi depend on the symmetric linear connections of the base manifold M. In fact, given a 
symmetric linear connection V on M, they introduced an affine bundle isomorphism exy over 
the identity of J^vr from (vri)i^o: J^ni — )■ J^n to j^(7ri^o): J^'n'i J^ti. In local coordinates, 
the exchange map exy : J^tti — J^tti has the expression 

(4.1) ex^{x\ n", <, nj, u^) = {x\ n", <, u'^, + « - OF),) , 

where are the Christoffel's symbols of the symmetric linear connection V. Note that 
exsj o exv = 'i'dj^TT- 

The definition of the "tangent" pairing needs of an extra element that also depends on 
the linear connection V and on the volume form t] too. We define the M-linear map 
c°°{M) n\M) characterized by the condition 

(4.2) rf^.V®^ = V(/-r/), V/gC°^(M). 

For a coordinate system (x*) compatible with the volume form, i.e. t] = dJ^x, we have that 
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Now, we consider the natural pairing between Aiir and J^tt 

(-,•): A^TT^x^^,, — > M 

(^^,Jx0) ' — > {^^j14>) such that = (u;, j» r/(a;) 

and we hft it to the map 

c^^'M-,-) : -fH^°^)j-i.Xj-Ko)^'^i T*M 

In local coordinates, 

((a:\n",p,K), u^ <)> = p + • 

Therefore, 

At this point, we remark that the second argument of the prolonged pairing is the iterated 
jet bundle J^tti fibering over J^tt by J^(vri q). Thus, by composition with the exchange map 
exv, we obtain a morphism 

rf^'" ( ■ , ■ ) o (id X exv) : J'(7roz/)^.i,X(^,), „ j\i ^T*M 

where now the second argument is the iterated jet bundle J^vri fibering over J^tt by (7ri)i^o- 
In local coordinates, 

= {p, + Kfc^r + Pa« + K - OrL) -ip + pLOn,) dx' . 

Besides, observe that d^''^ ( ■ , ■ ) o (id x exy) is a vector valued map that takes values from 
a vector bundle, J^(7r o z/), and an affine bundle, J^vri. Hence it induces a vector bundle 
morphism over the identity of J^tt 

A^'": J^TTojj) Aff^,(jVi,T*M), 

where 

Aff^,(jVi,T*M) = U.eji. Aff(J>i,T;^(,)M) . 
For adapted coordinates {x^,u'^,uf,pk,p'^i^,p^^i^) on the vector bundle ASt^-^{J^'iti,T*M), 

A^^\x\u-,pJ^,u^,Pj,p^^^) = 

= {x\ m", m^, = - p>rrL - pKppik = pL + p'a^ii - pUUplk = p'A) ■ 

Lemma 4.1. Given an arbitrary fiber bundle tte^m '■ E — M, let 'Kf,e '■ F ^ E and tiv,m '■ V 
M be an affine and a vector bundle, respectively. We have that, the vector bundles 

Aff.,,„,(F, V) := Uy^EAS{Fy, , 

and 

®E 7r^,M(^) = Aff (F, M) ®E vr^,M(^) 

are isomorphic. 
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Proof. The lemma's assertion is a simple algebraic fact. Given a point x G M, lets fix a 
point y G in its fiber, TiE,M{y) = x. Then, we define a map from x Vx to Aff (Fj,, V^) 
as follows: Given a; G -Fj and v G V^, we consider the aflfine map {u : v): Fy ^ given by 
((jj : = ^(2)^, for z G -F^,. The map 

{00, v) G xVx^iu: v) G Aff (F„ 

is obviously bilinear and, therefore, it induces a linear map from the tensor product -Fj (g) 
to Aff (Fj^, Vx). It only rests to prove that, in fact, it is an isomorphism. 

Consider a basis (vj) of Vx and a basis {1, w*} of F^ dual to a reference system (o, fi) of 

-Fy, l. 6. 

1(0 + r'fi) = 1 and a;^(o + r'fi) = , Vr^ G M . 
Then {1®?;^, cj^^fj} is a basis of Fj® and, as it is easy to check, its image {(1 : Vj), (w* : 
Vj)} is a basis of Aff (F^, Vx). □ 

Using the previous lemma, we transform the range space of A^'"^, obtaining a new mor- 
phism 

.4^'": j\7io^) (jVi)t (7ri)*(T*M) , 
which we continue to denote by A^'^. Note that (J^ni)^ may be identified with the bundle 
of m-forms Adni = K^J^n. Under this identification, the local expression of Al^'^ is 

= {Pk(rx + pifctiw" A (T-^x, + pl^du'^ A (T-^Xj) ® dx^ , 

where pk = Pk - P>fT[. - pTi-, p-^^ = p^j^ + p^^Tli - piTi-, p^^ = p{Sl. 

Considering the natural morphism {.J^ni)'^ ®ji7r (7ri)*(T*Af) — )■ A^'^^J^n given by the 
wedge product, we finally obtain the vector bundle morphism 

Al:J\7rou) ArVV 
^ ' ' ix\ m", p, pI^, Uj, Pj,Paj) I — > (Paidu"^ + Padu^) A d"^x , 

which we call the Tulczyjew's morphism. It is important to note that this morphism does no 
longer depend on the linear connection V, while it still depends on the volume form rj even 
though it is not explicitly noted. 

Theorem 4.2. The Tulczyjew's morphism A^^: J^ijiou) — )■ Iv^'^^J^'k, locally given by Equa- 
tion (4.3), is a vector bundle epimorphism over the identity of J^n. Moreover, it is canonical 
in the sense that it only depends on the original fiber bundle n: E ^ M and, a pripori, on 
the base volume form rj. 

According to Example 2.7, K^^^J^n has a canonical multisymplectic structure given by 
the form 

(4.4) ^A^+i jitt = -dpa A c/m" a d'^x - dp'^ A rfw" A d'^x , 

where (x*, m", m",Pq,,p^) are natural coordinates on K^'^^J^tx. This structure is pulled back 
to J^{tt o v) by defining a premultisymplectic structure given by the (m + 2)-form 

(4.5) Vt := {Al)*{n^^+ij^^) = -rfp^ A rfw" A - c/p^ A duf A d'^x . 
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The local basis of the kernel of Q is generated by 

/ f d d d ■ d 
(4-6) kerfi = ( 1^,^,-^-5^ 



\^^dp' dpj ' dpl^j ^ dp'^f, 

where 1 < A; < m is a fixed index (no Einstein convention here, take for instance A; = 1). 

Next, let C: J^n — t- A"*M be an arbitrary Lagrangian density such that C = Lrj. Then, 
we obtain the following result. 

Proposition 4.3. Sc = {^V)~^{'^^{J^'^)) ^■^ ^'^ (m + 1)-Lagrangian submanifold of the 
premultisymplectic manifold (J^(7r o u), Q). 

Proof. From (4.3), we obtain that the submanifold Sc is locally given by 

f dL dL 

(4.7) Sc = {{x\ p, pj.pij) : pI = -—, pi 



du?' du^ 



thus 

/ r d d d ■ d 

\ I dp dpj dp'^j ^ dpi^ 

where 

^ ' '~dx^^ dx^du^ dpj, ^ dx'duP dpi, ' 

d d^L d d^L d 
(4-10) =T— + -——BlTT + 



du^ du^du^j dpi du^du^ dp}, ' 
(4.11) ^i^^.^JL, « 



duf dufdu^ dpi du^duf' dp}, ■ 
It follows from Equation (4.6) that 

ker il{jluj) C Tji^Sc , Vj^w G S"/: ; 
and, from Definitions 2.8 and 2.9, we must prove that 

(\ ±,m+l 
kerfi(j»; 

If '■ Sc ^ J^i'n' o v) is the natural inclusion then, using (4.5) and (4.7), we deduce that 
i%n = -d ( ^du" + ^duf] Ad'^x = d( ^dx'] Ad"'x = 



ydw^ ^ duf ' ) \dx 

which implies that 

/ \ ±,m+l 

Tjiu>Sc ^ I Tji^Sc 



kerfi(j» \kerfi(jiw) 
Instead of showing the converse inclusion, we will show that there is no gap in between. 
For this, we first note that 

TjiiuSc 



kern(j» 
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where Xj, and are given by Equations (4.9), (4.10) and (4.11). Besides, 

/ r (9 (9 (9 (9 

T,i...jH7r o u) = ( lX,.Mr.Ml^ ,^ , ,^ ,^ 

nn nn^ nn ■ ni. 



therefore 



Tjlu>J^{.T^ I \ TT rri ^ ^ 



Y TT TP 

-^11 '-^ai '-^ ai 



kerfi(j» \t " 



where i goes from 1 to m and the Einstein notation is not considered. 

/ ^ \ ±,m+l / ^ \ ^ 

Now, if (T,i^5^/ker (](j»j \ (t,!^^^/ ker fi(j» j C T,i^J\t^ o i.)/ker fi(j» is 

not empty and f is a vector belonging to this set, by hnearity, we may assume that is a 
non-zero vector in (^|^, Suppose that t; = t;^^ + t;^^ 

^ = ^{v,Ul,Xx,...,X^ = -v'^ and = f/^, Xi, . . . , = -w^ , 

So V is null, which is a contradiction. □ 

Next, we present some examples. 

Example 4.4 (AfRne Lagrangian densities). Let 7: — j- M.t\ = (J^ttY be a section of 
the fiber bundle u: Aiir — )■ E and consider the affine Lagrangian density given by its action 
on J^vr, that is. 

In adapted coordinates, if 7 = (x\ u", 7o(x, u), 7^(x, u)) and j^(f) = {x\ u'^, uf), then 

C,{x\ <) = (7o(x, u) + 7^(x, m)<) . 

Note that this Lagrangian is obviously degenerate since its Hessian velocity matrix is null. 

Examples of this type of Lagrangians appear, for instance, in the metric-affine gravita- 
tion theory with the Hilbert-Einstein Lagrangian density. The Lagrangian density of Dirac 
fermion fields in the presence of a background tetrad field and a background spin connection 
is also affine (for more details, see [10]). 

The (m + 1)-Lagrangian submanifold Sc^ = {A'^)~^ {dC-y{J^'iT)) of the premultisymplectic 

manifold {J^{tt o is then given from the local expression (4.3) of by 

Sc, = <{x,u ,p,p^, Uj,pj,p^j) : = 7^ , = ^ + ■^u'] 

< 

Example 4.5 (Quadratic Lagrangian densities). Let b: J^tt — )■ Aiir = {J^iry be a mor- 
phism of affine bundles over the identity of E. Then we define the quadratic Lagrangian 
function 

L,(z):=^(b(z),(z)) , WzeJ\. 
If we suppose that b is locally given by 

b(x\M-,<) = (x\M", K{x,u) + \>i{x,u)ut, ~K{x,u) + \>%{x,u)u^^), 
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then the Lagrangian function Li, is locally given by 

Note that, in this case, the Hessian velocity matrix of L[, is |(b^^ + b^*^). Therefore, if b is 
assumed to be symmetric (b^^ = b^*^), then will be regular if and only if the composition 
yU o b : J^TT — > J^7r° is an affine bundle isomorphism. 

Examples of this type of Lagrangian functions appear, for instance, in the theory of elec- 
tromagnetic fields and Proca fields (refer again to [10]). 

The (m + 1)-Lagrangian submanifold Sci, = {A^)~^ {dC\){J^TT)) of the premultisymplectic 
manifold (J^(vr o z/), where £[, = L[,?7, is then given from the local expression (4.3) of 
by 



We return to the general case. 

Theorem 4.6. Given a Lagrangian density L, we have that: 

i) A (local) section a G Sec(7r) is a solution of the Euler- Lagrange equations if and only 
^f 

{Al)-'odCoj^a = j\LegcOj'cr). 

ii) The local equations defining Sc as an (m -\- 1 )-Lagrangian submanifold of J^{ti o z/) 
are just the Euler- Lagrange equations for C 

Proof. A local computation, using (3.5), (3.14) and (4.3), proves the result. □ 

Figure 3 illustrates the above situation 

4.2. Hamiltonian formalism. The construction of the Hamiltonian part of the Tulczyjew's 
triple for Classical Field Theory involves the Ist-jet bundle J^(7roz/), which has already been 
introduced in the previous section, and the bundle of forms N^^^M.Ti. An arbitrary element 
u of N^'^^M.n is locally written 

Pa^du'' A + pdp A c/^x + p'^dpi A d'^x , 

so we may consider natural local coordinates {x\u°',p,pl^,pa,p,pf) on A^'^^Aiir. We recall 
that, as usual, adapted coordinates on J-^(7r o u) are denoted {x\u°',p,pl^,u'j,pj,pl^j). 

In general, for any fiber bundle n: E ^ M, a jet G J^n defines a horizontal projector 
in T^(^,j.-jE, hji^ := T^cj) o T^f^^)'^. In local coordinates, 

h,u = dx' ® ( 7^- + <7^ 
V dx' ' dW^ 
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Sc 




Figure 3. The Lagrangian formahsm in the Tulczyjew's triple 

In the particular case of vr o z/: M.7i — )■ M, 

f d d d ■ d \ 

for any z = {x\u'^,p,pl^,Uj,pj,pl^j) G J^{n o u). 

We define the affine bundle morphism b^: J^{7r o z/) — )■ A^'''^(A^7r) 

(4.12) \>n{z) = ih-M^) -{m- l)n{uj) 

where u = {n o u)ifi{z), Q is the canonical multisymplectic form of Ain and 

m+l 
i=l 

for Xi, . . . , Xm.+i G T^A^TT. Locally, we have that 

(4.13) \)n{x\u'',p,pi^,uj,pj,pi^j) = {x\u'',p,pi^,pij,-l,-u°) . 

According to Example 2.7, we know that A1^~^^AiiT has a canonical multisymplectic struc- 
ture. Namely, 

(4.14) ^a^+^mtt = -dpa A rfu" A d'^x - dp A dp A d'^x - dpf A dp'^ A d'^x . 

We pullback this structure by b^, obtaining a premultisymplectic (m + 2)-form on J^(7ro z/). 
From Equations (4.13) and (4.14), it follows that 

(4.15) KiS^K^^+^M^) = -dp'aj ^ du" A - dpi A du^ A d^x . 

Thus, bQ(r2^m+i_^^) turns out to be the (m + 2)-form VL on J^(7r o z/) introduced in Equation 
(4.5) of Section 4.1. 

Theorem 4.7. The morphism bn: J^{'kou) A™^"^(A^7r), locally given by Equation (4.13), 
is an affine bundle epimorphism over the identity of Ain. Moreover, it is canonical in the 
sense that it only depends on the original fiber bundle it: E ^ M. 
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Let "H: A^TT ^ A'^M be a Hamiltonian density, then dH: Mn A™+^E. Using (3.8) 
and (4.13), it follows that 

-dniMn) C \)n{J\nou)). 
In fact, if 'H{x'^,u°',p,pU = {p + H{x^,u°',pl^))d"^x, we deduce that 

f)J-f f)J-f 

(4.16) -d'H = -T^du"" A d'^x -dp A d'^x -dpi A d'^x . 

^ ^ du^ dpi 

Proposition 4.8. Su = \)^^ {-dniMn)) is an (m + 1 )-Lagrangian submanifold of the 
premultisymplectic manifold {J^{7roi/),Q). 

Proof. The proof is analogous to that of Proposition 4.3. Nonetheless, it is worth noting 
that, from (4.13) and (4.16), we obtain that the submanifold S-^ is locally given by 

r dH dH 

(4.17) = I {x\ W.p, pi, uj, p,, pij) ■.u] = —, pi^ = -Q-^ 

□ 

Next, we present an example. 

Example 4.9 (Quadratic Hamiltonian densities). Let |j: J^tx° = Ai°n — t- J^tv be a 
morphism of affine bundles over the identity of E. Then, we may define the Hamiltonian 
density : Mir ^ J^n^ JV^M given by 

^^{uj) := (cu, tl(/i(cu))) T] , MujMtx . 

If jj is locally given by 

tt(x\ «^ p^) = {x\ r (x, u) + tiy (x, «)p^^) 

then is locally given by 

U^{x\ u'^,p,pi) = (^p + ^tix, u)pi + i^^{x, u)pip^) d"^x , 
with associated Hamiltonian function 

Hi{x\u^,pi) = ^tMpi + ^f{x,u)pip^p. 

From these expressions, we see that the Hamiltonian "Hj is quadratic. 

Examples of this type of Hamiltonian sections may be obtained from hyper-regular qua- 
dratic Lagrangian functions (see Example 4.5). 

The (m + 1)-Lagrangian submanifold Su^ = {—d'H^{AiTr)) of the premultisymplectic 
manifold (</^(vr o u),Q) is then given from the local expression (4.13) of by 



Sn, = < {x\u-,p,pi,u],p„pi^) : < = ^t{x,u) + {^f{x,u) + r,:{x,u))p'p 



We return to the general case. 
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Theorem 4.10. Given a Hamiltonian section h G Sec(/i), let %: Ain — )■ A™M be the 

associated Hamiltonian density. We have that 

i) A section t: M ^ Ai°'iT is a solution of the Hamilton-De Bonder- Weyl equation if 
and only if 

\)n o j'^(h o t) = —dH o (^h o t). 

ii) The local equations defining S-^i as an (m + 1)-Lagrangian submanifold of J^^ir o u) 
are just the Hamilton's equations. 

Proof. A local computation, using (3.8) and (4.13), proves the result. □ 
Figure 4 illustrates the above situation 




4.3. Equivalence between both formalisms. In section 3.3, we already saw how the 
Lagrangian and Hamiltonian formalisms are interrelated by means of the Legendre transform. 
Here, we recover this relation within the Tulczyjew's triple for Classical field theory by pulling 
the dynamical structures of A^~^^J^Tr and A'^'^^Ain to J^(7roz/) as Lagrangian submanifolds. 

Let C : J^TT — !■ A"^M be an hyperregular Lagrangian density and "H the associated Hamil- 
tonian density (see Equation (3.17)). A simple computation in local coordinates using Equa- 
tions (4.7), (4.17) and (3.20) shows the following result. 

Theorem 4.11. The (m + 1)-Lagrangian submanifolds Sc = {A1)~^{dC{J^7r)) and S-u = 
\)Q^{—d'H{Ai7i)) of the premultisymplectic manifold {J^{tv o i^), ^^) are equal. 



Figure 5 illustrates this situation. 
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Figure 5. The Tulczyjew's triple for Classical Field Theories 

5. Conclusions and future work 

A Tulczyjew's triple associated with a fibration is introduced. This construction allows 
us to describe Euler-Lagrange and Hamilton-De Bonder- Weyl equations for classical field 
theories as the local equations defining Lagrangian submanifolds of a premultisymplectic 
manifold. 

It would be interesting to extend these results for the more general case of classical field 
theory on Lie algebroids using a multisymplectic formalism. The first steps have been done 
in this direction (see [15]). We remark that these ideas could be applied to the reduction of 
classical field theories which are invariant under the action of a symmetry Lie group. 

Another interesting goal is to develop a geometric formulation of vakonomic (nonholo- 
nomic) classical field theories using our Tulczyjew's triple. Extensions of this construction 
for vakonomic (nonholonomic) classical theories with symmetries (using the Lie algebroid 
setting) could also be discussed. 

Appendix A. Volume independent formulation of the Tulczyjew's triple 

Even though the Euler-Lagrange (and Hamilton-De Bonder- Weyl) equations of Classical 
Field Theory are usually given using a volume form on the base space of the configuration 
bundle, they can be obtained without the need of that volume form. In fact, one may 
establish such equations in the more general case where the base manifold is not necessarily 
orientable (see, for instance, [2, 3, 10]). 

In this sense, it is important to be able to give a Tulczyjew's triple independent of any 
chosen basic volume form. This is the aim of this Appendix. To do so, we construct the left 
Tulczyjew's map in three steps: First, we transform the Ist-jet bundle of A^vtm : A"*M — M 
into a "simpler" space. Second, we compute (in some sense) the core of the Tulczyjew's 
morphism from the "tangent" pairing and the involution. Third, we combine the previous 
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two steps in order to obtain the desired map. Before we start, we present a short review of the 
multisymplectic formulation of Classical Field Theory without the need of the orientability 
assumption (compare with Section 3). Along the rest of the paper, local coordinates on M 
will no longer be required compatible with any volume form. 

Volume independent formulation of Classical Field Theory: Given a Lagrangian 
density C : J^n — )■ A™M, the associated Lagrangian function L is now locally defined such 
that C = Ld"''x. Of course, in presence of a volume form rj on M (if such is the case), it will 
coincide on a compatible chart with the globally defined Lagrangian function L : J^n — )■ M 
such that C = Lrj. 

In this setting, the Poincare-Cartan m-form is given by the expression 

(A.l) Qc = C + {S,dC) , 

where S: TJ^ir — t- ttI(TM) (^ji^r Vert(7ri^o) is the canonical vertical endomorphism, which 
has the local representation 

(A.2) S = [du- - u-dx^) ® |- ® ^ • 

This newly defined Poincare-Cartan m-form coincides in fact with the previously defined 
one. Equation (3.1), and therefore the Euler-Lagrange equations (3.5) follow. 

In the other side of the picture, we redefine the dual bundles of J^tt. Instead of considering 
as extended dual of J^vr the affine maps on J^vr with values in M, we consider the affine maps 
with values in A"^M. The reduced dual of J^vr will be the quotient of the extended dual by 
fiberwise constant affine maps on J^tt with values in A^M. Resuming, 

(A.3) (jV)t := Aff,(jV, A'^M) = {Ae Aff(J>, A™(,)M) : m G , 

(A.4) ( JV)° := Aff^( J^TT, A"^M)/Morphj;,^(E, A™M) . 

The improvement of considering A™M as the target space of the affine maps is that the 
identifications 

(A.5) = Mil and ^ M°tx 

are now canonical, in contrast with those of (3.6), which depend on a volume form on the 
base. In order to emphasize this and avoid confusion with Section 4, we will use the dual 
affine bundle notation J^tt^ and J^-n° in spite of the the form bundle one AAn and A^°7r. 

The overall notation and objects (coordinates, forms, etc.) will remain unaltered, but the 
natural pairing is now slightly different: 

((x^n^p,pj,), (x\<<)> = (p+K<)rf"^x. 

Another technical issue due to the lack of the volume form is that, the line bundle 
/i: J^Ti'^ — >■ J^7r° cannot be seen as an M-principal bundle. Therefore, the definition of a 
Hamiltonian density % : J^vr^ K^M must be reformulated by the condition 

iv{yt + dH)=Q, VI/ G Vert(/i) . 

From here, Hamilton's equations (3.11) follow immediately. 
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The Ist-jet bundle of the bundle of m— forms: The Ist-jet bundle J^ir of an arbitrary 
fiber bundle tt : — > M is, in general, only an affine bundle over E. But, in some particular 
cases, it can be can be seen as a vector bundle over M; for instance when E is a tensor bundle 
of M, i.e. E = TM,T*M, A"^M, . . . , and M itself is provided with a linear connection V. 
For obvious reasons, we expose the particular case of the tensor bundle of m-forms A™M. 

If we think of the elements of J^AJ^ttm as linear maps from TM to T{AJ^ttm) (see Section 
3.1), we may define the bundle isomorphism 

J^A^TTM C (A-7rM)*(T*M) ®^^M T{K^tim) ^ (A™7rM)*(r*M) ®^^m Vert(A-7rM) 

j^a = T^a I — > j^a — j^a = T^a — T^a , 

where a is any (local) section of A™7rj\,/ : A™M — )■ M such that 

a{x) = a{x) and ( Vx«) (x) = , VX e X{M) . 

It is easy to prove that the above defined morphism does not depend on the chosen section a. 
In fact, if a{x) = ad"^x\x a = dd"^x, the previous conditions imply that dd/dx^\x = a-r^j(x), 
which determines the Ist-jet of a. Therefore, for local coordinates (x*, a, ai) on J^A"Vjv/, we 
have 

d 

ix" - ix" = {^'^ a,ai-a- T^j) = [a^ - a ■ T^j) ■ dx^ ® — . 

Besides of this, we have that the vertical bundle Vert(A'"7rj|,,/) is isomorphic to A™M 
A"^M by the vertical lift. Namely, 

(■)^ A"*M X A^M — > Vert(A'"7rM) 
{a, (3) ^ i(3)l 
(x\a,6) = (arf-x,M-x) ^ {x\ a,b) = b£\^^^^ . 

Therefore, we have for the the vector bundle associated to J^A™7rj\/ 

(A™7rM)*(T*M) ® Vert(A™7rM) = (A™7rM)*(T*M) O (A'^M x A"^M) 

= A^M X (T*M ® A™M) , 

which in local coordinates reads 

(A™7rA/)*(T*M) (g) Vert(A"VAf) — > A™A'/ x (T*M ®m A"W) 

(x\a,ai) I — > {x\a,ai) 
ttidx^ ® ^l^^mj, ' — ^ {ad^x, ttidx^ (g (i"^x) . 

Summing up, we obtain an affine bundle transformation $^ over A'"M from J^A"^itm to 
Xm {T*M A^Ai^) which depends on the linear connection V. Locally, we have 

$^ : J^A'^TiM — > A'"M Xm {T*M ® A^M) 
{x\a,ai) I — {x\ a, ai - a ■ Tlj) 
dx' ® (^ + ai£l^^J ^ {ad^x, {a, -a- Tl^dx' ® d^x) . 
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The core map: The natural pahing between the elements of J^tt^ and J^ir is the fibered 
map 

(-,■): xe J% — > A™M 

We lift it by Ist-prolongation to the pairing 

(-,■): JV Xji^(J%i,ji(7ri,o),JM ^ J^A^VTM 

where the second argument fibers over J^tt by J^(7rio). Composing it with the exchange 
transformation, we get a map whose coordinate representation is 

where now the second argument fibers over J^ir by (7ri)i^0; and where a = p + p^cfif and 

ak = Pk + pikU? + piKi + {uf - orij. 



The Tulczyjew's map: Composing the previous transformations $^ and (•, exv(-)) tO" 
gether with the 2nd component projection pr^ : A'^M x m (T*M O A^^M) T*M O A'"M, 
we obtain the map 

^r2 0$Voji(.,exv(-)) : ^'(^I) Xji.(JVi,(7ri)i,o,^V) ^ T*M®k^M 

where ak = Pk + Pak'^i + PL('"fcj + ("^j ~ ""i - (p + K'^DTij- Note that this map is 
a vector valued morphism that takes values from the affine bundles (J^(7r|), j^(7r| q), J^vr 
and (J^VTi, (7ri)i 0, J^n). Hence it induces a vector valued affine bundle morphism over the 
identity of J^ir 

A^: J\nl) ^ Aff,,(ji7ri,T*M® A'^M), 

where 

Afr^,( jVi, t*m ® A^M) = u.eji. Afr( t;^(,)M ® a^^^^^^^m) . 

For adapted coordinates {x\u°',u°',pk,PakyPak) ^^e vector bundle Aff^^ (J-'^vti, T*M ® 
A™M), 

= {X\ U", Ul,pk =Pk- P>rrL - PKj^Pak = Pak + pL^H ' P'JipPL = P'Jk) ■ 

By Lemma 4.1, we have 

Aff ( JVi, T*M ® A'^M) ^ Aff ( JVi, A'^M) (g) T*M ^ A^ ® T*M ^ A^+ W . 
where the last "inclusion" is the natural morphism given by the wedge product, namely 
i:uj®ae A^ ® T*M i — >aAcu E A^+ W . 
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Therefore, if we assume V symmetric, we end up with the map 

ilu I — > (2opr2 0$^)(ji(ji.a;, ea;v(-))) 

which we call the (left) Tulczyjew's morphism. It is important to note that, even though 
a symmetric linear connection V was necessary for the construction of At^, actually the 
latter does not depend on the former. Hence, the Tulczyjew's morphism is a canonical 
transformation of J^(7r|). 

Appendix B. On the exchange map exy 

The exchange map exy: J^tti J^iii associated to a symmetric linear connection V on 
the base manifold M of the fiber bundle tt: E M was first introduced by M. Modugno in 
[24] and, later on, developed in more detail together with his collaborator I. Kolaf in [17]. 
However, there is a small error in the coordinate expression of exy in [24], which also appears 
in [17]. Still, the notation in the later may lead to confusion and an unaware reader may fall 
in the same mistake. Since the exchange map is of crucial importance for the construction 
of the Tulczyjew's triple, we believe that is worth to clarify this matter here. 

In [24], Theorem 1 (page 359) establishes the coordinate expression of the exchange map. 
Following Modugno's notation: 

ix\ y\ y;, y\o, y\^) o Sk = ix\ y\ y\^, y^, + k'^M ' vlo)) . 

where Sk is the exchange maps associated to the linear connection k with Christoffel symbols 
k'^^. The connection term has a wrong sign and Sk should be written 

{x\ y\ y;, y\^, y\^) o = (x\ y\ y\^, y;, y'^^ + k'^^{yl^ - yl)) . 

In fact, the proof using a change of coordinates is incorrect and fails at the beginning of the 
page 360. 

Another worth noting point is that, in order to define the exchange map exv, the con- 
nection V does not need to be symmetric. Although, in such a case, exy is no longer an 
involution but an isomorphism and the construction of the Tulczyjew's triple must be carried 
out with a slight change. Instead of using the morphisms exy and (or rf^'^, depending on 
the formulation), one of the pieces must change the associated connection to V = V + T^, 
where is the torsion tensor of V, for instance take exy together with $^ (or c?^'^). 

Theorem B.l. Let V be an arbitrary linear connection on M. The exchange map ex^ : J^t\\ — )■ 
J-^VTi given by the local expression (4.1) is well defined. Moreover, we have that: 

i) The exchange map exy is an isomorphism of affine bundles over the identity of J^tt 
that exchanges both affine structures of J^tti (Figures 1 and 2) and whose inverse is 
eXy^ = exy^T-v, where is the torsion tensor ofV. 

ii) The exchange map ex\r is involutive, i.e. exy = idji^^, if and only if the connection 
V is symmetric. 

Proof. As in [24], we proof the main assertion by a change of coordinates. Let 

(x\ «",<,<,<,) and {y^.v^v^^y^y^.,) 
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denote a couple of adapted coordinate systems on J^vri. If F*", and F^-^., are the Christoffel 
symbols of V with respect to (x*) and (y^) respectively, then 



F^ 



"J- 



Besides, we have 



therefore 



dx^ 



+ u 



dyodyj' dyi dyo' " ) dx^" ' 
dv^\ dx^ 



' 9m" J dy^ 



and 



dv^ ^dv^\ dx^ 
1_ 

dx' ' 9m" J dyi 



dx 



+ u 



" duf I dyi' 



dx^ dx'' 



9x* 



Un 



du'^' dx 



r + Ufuf, 



du'^'du^ 



dv^ \ dx^' ( dv^ „, dv^ \ 9^x* 



+ u. 



du^ ) dy^ dy^' \dx^ ^ du°' J dy^'dy 



Note also that 



Now, let 



dy^ dx^ dv^ (9x* dv^^ du" ^ ^ dv'^ du" 

dx'' dy^' ' (9x* dy^ du"" dy^ du°' dv^' ^' 



{x\u",fii,fii,fiii,) and {y\ , , , uL) 



denote the previous systems of coordinates too, but seen from the image of exy. If we assume 
that 

(x\ m", /if, fif, fiZ') = ix\ m", <, <, <') o exv = {x\ u", <, <, <i + (wf, - <,)rri) , 
we then easily obtain from the coordinate change formulas that 

On the other hand, since /if = uf and /tf = uf, with a proper index rearrangement, we 
obtain that 



/3 /3 



du'^'du'' 



9x*' Q „ dv'^ d'^x' 



-l/^n' ""^'^^ du- dyi dyr ^ ""'"^ 



du" dy^'dy^ 
dv^ d'^x^" 
du'^ dyi'dyi 
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and 

Subtracting the last two equations and using our initial assumption, we finally obtain that 

which ends the proof of the main statement and shows that exy does not depend on the 
chosen coordinates and it is well defined. 

The two remaining statements are obvious from here. □ 
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